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In recent years a lot of effort has been devoted to the extension of the subtraction method

of computing QCD corrections at the next-to-leading order (NLO) accuracy to the com-

putation of the radiative corrections at the next-to-next-to-leading order (NNLO) [fl-[].

In particular, in ref. [, a dipole subtraction scheme was defined for computing NNLO



corrections to QCD jet cross sections to processes without coloured partons in the initial
state and arbitrary number of massless particles (coloured or colourless) in the final state.
That scheme can be summarized as follows.

The NNLO correction to any m-jet cross section is a sum of three contributions, the
doubly-real, the one-loop singly-unresolved real-virtual and the two-loop doubly-virtual
terms,

oNNLO — / dopB s Jimta + / Aol g1 + / do¥VJ, . (1.1)

m—+2 m+1 m

Here the notation for the integrals indicate that the doubly-real corrections involve the fully-
differential cross section dojvt, of m + 2 final-state partons, the real-virtual contribution
involves the fully-differential cross section for the production of m+ 1 final-state partons at
one-loop and the doubly-virtual term is an integral of the fully-differential cross section for
the production of m final-state partons at two-loops over the phase space of m partons. The
phase spaces are restricted by the corresponding jet functions J, that define the physical
quantity.

In d = 4 dimensions the three contributions in eq. (DI) are separately divergent, but
their sum is finite for infrared-safe observables. (The requirement of infrared safety implies
certain analytic properties of the jet functions .J, that are spelled out in ref. [§.) As
explained in ref. [[Ll(] we first continue analitically all integrals to d = 4 — 2¢ dimensions
and then rewrite eq. ([L.1]) as

A0~ [ o0+ [ aolO 4 [aoo, (1.2
m—+2 m—+1 m

that is a sum of integrals,
RR,A RR,A RR,A
dop 30 = {dJ,I}LinmH —dop, 15" Im — [d0m+2 Wnr —doy 5 Jm} }5—0 ’ (1:3)
RR,A RV,A RR,A;\ A
dopy” {[dag\L +/dJerz 1]Jerl - [damﬂ Tt (/d0m+2 1) 1}Jm}€ 0’ (1.4)
1 1 -

and

A
2 1 1 =

. . . . . A A
each integrable in four dimensions by construction. Here da?ﬁé ! and daii’z 2

are approx-
imate cross sections that regularize the doubly-real emission cross section in the one- and
two-parton infrared regions of the phase space, respectively. The double subtraction due
to the overlap of these two terms is compensated by daiﬁ’QA 12
ref. [L0] explicitly, where the finiteness of daﬁ}fgo is demonstrated also numerically for the
case of ete™ —3 jets (m = 3). We point out that the notation in eqs. ([.3) and ([.4) is

symbolic in the sense that each subtraction term is actually a sum of different terms. The

. These terms are defined in

jet functions in these terms depend on different sets of momenta. These sets of momenta
for the jet function J,, in eq. ([L4) will be presented in this paper.

In ref. [[l]], we computed the integral [ 1 daii’? ! and showed that the terms in the first
bracket in eq. ([.4) do not contain € poles. Nevertheless, those terms still lead to divergent



integrals due to kinematical singularities in the one-parton unresolved parts of the phase

A
space. In this paper we define explicitly dai\ifl and ( fl daii’? 1) 1, that regularize the
singly-unresolved limits of the real-vitrual cross section and [, daii’f Yin turn. Thus we

complete the presention of all formulae relevant for constructing da}ilffo explicitly.

2. Notation

2.1 Matrix elements

We consider processes with coloured particles (partons) in the final states, while the initial-
state particles are colourless (tipically electron-positron annihilation into hadrons). Any
number of additional non-coloured final-state particles is allowed, too, but they will be
suppressed in the notation. Resolved partons in the final state are labelled by i, k, [, ...,
the unresolved one is denoted by 7.

We adopt the colour- and spin-state notation of ref. [IJ]. In this notation the am-
plitude for a scattering process involving the final-state momenta {p}, |M,,({p})), is an
abstract vector in colour and spin space, and its normalization is fixed such that the squared
amplitude summed over colours and spins is

M |? = (M| M) - (2.1)
This matrix element has the following formal loop expansion:
M) = |MO) + M)+ (2.2)

where | M) denotes the tree-level contribution, |M1) is the one-loop contribution and
the dots stand for higher-loop contributions, which are not used in this paper.

Colour interactions at the QCD vertices are represented by associating colour charges
T; with the emission of a gluon from each parton i. In the colour-state notation, each
vector | M) is a colour-singlet state, so colour conservation is simply

(Z Tj> IM) =0, (2.3)

where the sum over j extends over all the external partons of the state vector |M), and
the equation is valid order by order in the loop expansion of eq. (B.2).

Using the colour-state notation, we define the two-parton colour-correlated squared
tree amplitudes as

M (D2 = (MO {pH)| T3 T MO ({p}) (2.4)

and similarly the three-parton colour-correlated squared tree amplitudes, |ME?)k ) |2 for i, k
and [ being different, and the doubly two-parton colour-correlated squared tree amplitudes

0) 2.
Miiw, ol O
MO P =S fane MOTETYTE MO (2.5)

a,b,c



and

IM P = MOHT; - Ty, T; - T} M), (2.6)

(4,k)(3,1)
where the anticommutator {T';- Ty, T;-T;} is non-trivial only if i = j or k = [, see eq. (R.§).
We shall also use the two-parton colour-correlated one-loop amplitude, defined using an
analogous notation:

2Re(MO) MDY 4y = 2Re(MO| 7,15 [MD) . (2.7)
The colour-charge algebra for the product (T;)"(Tx)" = T;- T, is:

T; T, =T, T; if i#k; T? =C;. (2.8)
Here C} is the eigenvalue of the quadratic Casimir operator in the representation of particle
i and we have Cp = Tr(N2 — 1)/N, = (N2 — 1)/(2N.) in the fundamental and Cy =
2Ty N. = N, in the adjoint representation, i.e. we are using the customary normalization
Tr = 1/2.

2.2 Dimensional regularization, one-loop amplitudes and renormalization

We employ conventional dimensional regularization (CDR) in d = 4 — 2¢ space-time dimen-
sions to regulate both the IR and UV divergences, when quarks (spin—% Dirac fermions)
possess 2 spin polarizations, gluons have d — 2 helicity states and all particle momenta are
taken as d-dimensional.

Turning to the renormalization of the amplitudes, let the perturbative expansion of
the scattering amplitude A, in terms of the bare coupling g5 = /4mal be

|Am>:<a1l;2€>q/2 1A + () )+ 0 (7)) (2.9

where ¢ is a non-negative integer and p is the dimensional-regularization scale. For the
renormalized amplitudes (in the CDR scheme) we use the notation |M,,). These are
obtained from the unrenormalized amplitudes by expressing the bare coupling in terms of
the running coupling as(/ﬁ%) evaluated at the arbitrary renormalization scale /ﬁ% as

€

i = ol i 527 |1 - (O‘Sfj;R)) % 4otz | (2.10)

where y is the first coefficient of the G function for n¢ number of light quark flavours,

11 4
o= 5Cn — 5Thne — 3TRns, (2.11)
for QCD ng = 0. In eq. (R.10), S: is the phase space factor due to the integral over the

(d — 3)-dimensional solid angle, which is included in the definition of the running coupling



in the MS renormalization scheme,!

B d@=3)Q _ (4n)®
S. = /(2W)d3 =Fi-o (2.12)

We always consider the running coupling in the MS scheme defined with the inclusion of
this phase space factor.

The relations between the renormalized amplitudes of eq. (R.9) and the unrenormalized
ones are given as follows:

2,2 q/2
M) = () ), (2.13)

A ¢ a7 ¢

2,2 q/2 2
MOy — <m51> As(Hp) g1 (Mgg Ag>>_g%s€ yA,€2>>> . (2.14)

After UV renormalization, the dependence on p turns into a dependence on pp, so
physical cross sections depend only on the renormalization scale pp. To avoid a cumber-
some notation, we therefore set pp = p in the rest of the paper. Furthermore, after the
IR poles are canceled in an NLO, or NNLO computation, we may set € = 0, therefore, the
,u%? and S-! factors that accompany the running coupling in the renormalized amplitude
do not give any contribution, so we may perform the substitution

(st o) (o)) (o) 215

A7 ¢ a7 ¢ A
in eqs. (2.13) and (R.14).

2.3 Remark on regularization-scheme dependence

Although the application of conventional dimensional regularization (CDR) is conceptually
clean, the computation of squared matrix elements is much simpler in other versions of
dimensional regularization, most notably in dimensional reduction (DR). As a result, most
of the multiparton QCD amplitudes |A,(ILL)>, both at tree-level (n = 0) and one-loop (n =
1), are available in DR. At the level of cross sections however, the CDR scheme is used
traditionally, therefore, the relation between the two schemes has to be established.

The regularization-scheme (RS) dependence of the matrix elements at tree level affect
only terms of O(g), therefore, in computing the (m + 2)-parton cross section in eq. ([L.9)
the RS dependence is completely harmless, the difference vanishes when we take the four-
dimensional limit. The subtraction terms that regularize the real emission also depend on
the RS. While this dependence does not influence dony5°, it leads to differences (even
in divergent terms) when the subtraction terms are integrated over the factorized phase

!The MS renormalization scheme as often employed in the literature uses Se = (47)%e™ <72, Tt is not
difficult to check that the two definitions lead to the same expressions in a computation at the NLO accuracy.
At NNLO these lead to slightly different bookkeeping of the IR and UV poles at intermediate steps of the
computation, but the physical cross section of infrared-safe observables is the same. Our definition leads to
somewhat simpler bookkeeping at the NNLO level.



space of the unresolved parton(s). The standard practice in the literature is to set up the
subtraction scheme in CDR and transform the loop matrix elements to CDR if those were
obtained in other schemes, for instance, in DR.

The RS dependence in the loop amplitudes has in general both ultraviolet (UV) and
infrared (IR) origin. Both have been discussed thoroughly up to two loops in ref. [[[J]. In
the present paper we deal only with one-loop amplitudes and we summarize the transition
rules from DR to CDR here.

The UV part of the RS dependence is due to the RS dependence of the renormalization
procedure. At the one-loop level it means that eq. (R.14) remains valid, with the same
expansion parameter, no matter in which RS the bare amplitudes are computed if we
perform the substitution [

Bo — Bo + By (2.16)

in eqs. (B-10) and (B14). By definition in CDR G§PR = 0. If the bare amplitudes are
computed in the DR scheme, then B(]))R = —Ci/6.

The IR part of the RS dependence can be decomposed into universal finite terms and
non-universal contributions at O(e) [[4]. The finite terms are completely factorized,

AR 2 () = <Z %RS> A Rs (% 1) + [FSD (0% 4p) + O, (2.17)

i

while the O(e) contributions do not contribute to doh;© in the four-dimensional limit.

The transition coefficients that relate the amplitudes in the RS’s depend only on the flavour

of the external partons and were first computed in ref. [L5]. If FEPR = 0, as always assumed
by definition, then
- Cr - Ca
7(113R == ,.Y?R = 2 (2.18)
2 6
2.4 Cross sections
In our notation the real-virtual cross section doy,; is given by
dois = ddmia ({p}) 2Re(My) 1 [ M) ) (2.19)
Om+1 m+1(1P M1 Mt/ )
where d¢p,+1({p}) is the d-dimensional phase space for m + 1 outgoing particles with
momenta {p} = {p1,...,Pm+1} and total momentum @,
m+1 ddp'
dom+1(p1s- -+ Pm+1; Q) = [ 11 W 5+(P@2)] 2m) D (py 4+ prs1 — Q). (2:20)
i=1

The integral of the singly-unresolved approximate cross section for doubly-real emission
over the factorized one-parton phase space was computed in ref. [[L]]

[ arith = aott. @ 1m.c). (2.21)

where dolt 41 is the Born-level cross section for the emission of m + 1 partons and I(m,e¢)
is an operator acting on the colour space of the m + 1 final-state partons. The notation on



the right hand side means that one has to write down the expression for dot ;| and then
replace the Born-level squared matrix element

MO 2= (MO IME, ), (2.22)
by
(MO, I(m,e) MY, (2.23)

The insertion operator I(m,¢) differs from the I(e) operator derived in ref. [[J] in non-
singular terms as € tends to zero. Explicitly,

e
I({p};m,e) = as — 5 <g2> Z [Ci(yiQ;m,ﬁ)T?+Z Sik (Yik Yi@: ykqi m, €) T T
. (2.24)
where yix = sik/Q* = 2pi-pr/Q*, Yiq = 2pi-Q/Q* and with
C, = Cyy — CS,
C, = %ng 4 niCyq — CS. (2.25)

Explicit expressions for the functions Cix(yig;m,€), Sik(Vik, ¥iQ, YkQ; m,€) and CS(m,¢)
can be found in ref. [g], Where it was shown that the ¢ poles of the one-loop squared
matrix element 2 Re(M m+1\./\/(m+1> are cancelled exactly by (M _H]I({p} m 8)\Mm+1>

3. Counterterms for the real-virtual cross section

3.1 Factorization in the collinear and soft limits

™ +{X , we have to study the factorization

properties of one-loop squared matrix elements when one parton becomes soft or collinear

In order to devise the approximate cross section do

to another parton. The relevant factorization formulae have been computed in refs. [[[d—
R1]. In our work we use the formulae of ref. 2] for collinear parton splitting and those in
ref. [RI] for soft gluon emission. However, the notation in those papers is not convenient
for writing factorization formulae which avoid double counting in the soft-collinear limit,
therefore, we present new formulae here.

3.1.1 Collinear limit

We define the collinear limit of two final-state momenta p; and p, with the help of an
auxiliary light-like vector nl. (nlr = 0) using the usual Sudakov parametrization,

. b K. nl u Y Kl nf (3.1)
. = Z;D.. — - T 5 =%z - ’ ’
b; iPiy 1,r 2 2pirnir by = szr Lr 2 2pirnir

where pé‘r is a light-like momentum that points towards the collinear direction and k , is
the momentum component that is orthogonal to both p;, and ng. (pir-ki , = nir-ki , = 0).
Momentum conservation requires that z; + z. = 1. The two-particle invariant mass of the
collinear partons is

ki,r
ZiZy ‘

(3.2)

Sir =



The collinear limit is defined by the uniform rescaling
kiq— Xy, (3.3)

and taking the limit A — 0, when the one-loop squared matrix element of an (m+1)-parton

process has the following asymptotic form [(]:2

2Re(M (i prs - NIMD L (b prs - ) =

~ 8™ — | 2Re(M Y (pir, ..)| Py IME) (i)
P\ 5(1
+ 8mag cr <5_> cos(me) (MO (py,., .. .)]P}i}r\./\/lgg) (Pir,---)) | (3.4)
where )
o — 1 TA+e)l?1—¢) (3.5)

(4r)2<=  TI(1-2)

The meaning of the ~ sign in eq. (B-4) is that we have neglected subleading terms (in
this case those that are less singular than 1/)2?). In order to simplify further discussion,
following the notation of ref. [§], we introduce a symbolic operator C;, that performs the
action of taking the collinear limit of the one-loop squared matrix element, keeping the
leading singular term:

1
Cir 2Re(M (pi, pry - N IME, (03 1y ) =

= 8masu® — | 2Re(M{) (i NP MDD (i, )
2\ €
+ 8ma er <5—> cos(me) (MO (g, .. .)|P]£1_1)T|M,(A9L) (Piry--)) |- (3.6)

The m-parton matrix elements on the right-hand side of eq. (B.4) are obtained from
the (m + 1)-parton matrix elements by removing partons 7 and r and replacing them with
a single parton denoted by ¢r. The parton ir carries the quantum numbers of the pair
i+ r in the collinear limit: its momentum is p/; and its other quantum numbers (flavour,
colour) are obtained according to the following rule: anything + gluon gives anything and
quark + antiquark gives gluon. The kernels P ;} and P}ZI}T are the d-dimensional Altarelli-
Parisi splitting functions and their one-loop corrections, which depend on the momentum
fractions of the decay products and on the relative transverse momentum of the pair. For
the sake of simplicity, we label the momentum fractions belonging to a certain parton
flavour with the corresponding label of the squared matrix element, zy, = 2;. In the case
of splitting into a pair, only one momentum fraction is independent, yet, we find it more
convenient to keep the functional dependence on both z; and z.. Depending on the f;

2Since we deal with final-state singularities only, we have s;» > 0 and we can write the usual factor
(=42 /5:r)* a8 (1 /547" cos(me).



flavours of the splitting products the explicit functional forms are?

0) w [ Zi | Fr KN kY
< ‘Pélgr(ziazTW )’V> - 261A |: ( 5 + Z_Z> — 2(1 )ZZZT‘W s (37)
EH kY
(PR, (20, 2, W5 2)V) = Th [—g“” +4zizr2—2l} : (3.8)
1
1+ z2~2
(B0, (21, 13 €)15) = 3rCr { = } = 5P (212052 (3.9)

where in the last equation we introduced our notation for the spin-averaged splitting func-
tion,
Pfifr(zi’zr;e) = <Pfifr(zi’zr’kjt_;6)> . (3'10)

The one-loop kernels are

< |P(1 (Ziazraki§€)|y> _’I“glfgn(zl,zr, )< |P(O (Zi,Zr,ki;€)|V>

9gigr gigr
it
_4CArgzgr{ ngl-zr] e (3.11)
1) i
vz ‘Pq(zqr(zi’zrvkiﬁ)‘w _qu»?en(zuzrv e){ul qur(zZ’Zr7kJ_’€)‘V>7 (3.12)

(r|PY) (21, 205 €)|8) = r&iden (21, 203 €) (| PO (21, 203 €)|8) + Oy Cpr&id [1—e2,] . (3.13)

The rg ren(2i, 2r; €) singular factors are expressed in terms of corresponding unrenormalized
rs(2i, 2r; €) factors. The relation between the two forms is given by the equation:

Bo S p2\° -
Ts ren(Zi, 2r; €) = Ts(2i, 2r; €) — % (47T)€20p |:<5_zr> Cos(ﬂ'e)] . (3.14)
The unrenormalized rsif "(z, zr; €) factors and the rf /7 factors can be trivially obtained

from the D“ 1~ }O(}p functions, that were computed in ref. [R0]. In the case of gluon splitting
those functlons are symmetric under the exchange of z; and z,.. To make this symmetry
manifest, we have re-cast the original expression of ref. for the gluon splitting into a
qq pair into an equivalent form which exhibits the z; < z. symmetry,

1 Cr — —2z; —z
qiqr, _ m . 1 . T
rd(z;, 20 ) = = (Ca—2CF) + E—ngla [le < - > —|—L1m< - )} (3.15)
1 1/11 4TR 2TR CA+4TR(nf—7’LS)
oy R 2R 30 )+ Ca—2C
1—2€|:€<3 ATy F>+ AT TR R o)

In the case of gluon splitting into two gluons, the same symmetry is valid, which, however,
we choose not to make manifest. Instead, we use a form, where the polylogarithms are
regular in the z, — 0 limit (which will be convenient when we compute the soft limit of
this expression in section B.1.3, see eq. (B-24)),

. C 2>\¢ e —Z
SO (o ) :_€_§[<Z_> e dezm ' Ligm_ 1( )] (3.16)
T

%

3We remind the reader that the formulae are valid in the CDR scheme.



and similarly in the case of quark splitting,

P89 (2 zre) = —glg [CA (j—)e % + i em [(1 4 (—1)™)Cp — QCF] Li, <_Z>] .

2
m=1
(3.17)
Eq. (B.16) also shows that polylogarithms with even subscripts do not appear in the ¢
expansion of the r"" singular function for gluon splitting.
The ryg non-singular factors do not depend on the momentum fractions,
s (1—2¢)(2—2¢)(3 —2¢) ’ s 1-2 ° '

In egs. (B-1G) and (B.1§) n¢ and ng denote the number of fundamental fermions and scalars
that can circulate in the loops. The case of QCD is obtained by setting ng = 0.

The gluon-gluon and quark-antiquark splittings are symmetric in the momentum frac-
tions of the two decay products (even though this is not manifest for gluon-gluon splitting),
while the quark-gluon splitting is not. Nevertheless, we do not distinguish the flavour ker-
nels qu and qu. The ordering of the flavour indices and arguments of the Altarelli-Parisi
kernels has no meaning in our notation, i.e.,

pfifr(zl" Zrs 8) = pfq«fi(zra Zi;e) . (319)

Thus, it is sufficient to record the kernel belonging to one ordering. We keep this convention
throughout.

3.1.2 Soft limit

The soft limit is defined by parametrizing the soft momentum as p} = A\gf and letting
A — 0 at fixed ¢}'. Neglecting terms less singular than 1/A?, it was found BT that

2Re(M (pr, - M, (b))

1
8oy Y §Sik(r){2 Re(MO ()T TR MWD (.. )
i ki

i_ﬂ'& l 2g. : 3 @ Se (0) 2
(CA52 sin(re) <2’u SZk(T)) cos(me) + 2 (47T)26F> |Mm;(z‘,k)(- =)l

27 )" (éﬁskl(r)) M) } (3.20)

Iik
if 7 is a gluon. Similarly to the C;, operator of taking the collinear limit, following ref. [§] we

—8magcer

introduce another symbolic operator S, that performs the action of taking the soft limit
of the squared matrix element, keeping the leading singular terms. With this notation
S, 2Re<./\/(7(2)+1(pr, . .)HM&L(})T, ...)) is equal to the right hand side of eq. (B.2() if r is a
gluon and S, 2Re</\/l£2)+1(pr, . .)||M,(jbzr1(pr, ...)) =0if r is a fermion.

,10,



In eq. (B.2Q) the m-parton matrix element on the right-hand side is obtained from the
(m + 1)-parton matrix element on the left-hand side by simply removing the soft parton.

The eikonal factor is
23ik

Sinlr) = (3.21)

Note that eq. (B.20)) is valid only for the case of final-state partons. The general case can
be found in [1]].

3.1.3 Matching the collinear and soft limits

If we want to regularize the squared matrix elements in all singly-unresolved regions of the
phase space then we have to subtract all possible collinear and soft limits, i.e. subtract the
sum

S (305G +8 | 2ReAM, rpr - JIMED, ropr), (3:22)
T i#£r

where the 1/2 symmetry factor appears because in the summation each collinear configu-
ration is taken into account twice. Subtracting eq. (B.29) we perform a double subtraction
in some regions of the phase space where the soft and collinear limits overlap. In order
to compensate for the double subtraction, we need to find the collinear limit of the right
hand side of eq. (B.20) when gluon r becomes simultaneously collinear to parton i. In
deriving this limit we use that in the collinear limits (i) the factors multiplying two-parton
colour-correlated squared matrix elements are independent of k, therefore using colour
conservation (eq. (P-J)) we can perform the summation over k; (ii) the factors multiplying
the (t%lree—parton colour-correlated squared matrix element are symmetric in k£ and [ while
| 0

Mm;(i,kJ) (pi,...)|? is antisymmetric, thus the sum of those terms is zero. Finally we have

2
CirSr 2Re(MY, (i, v MM, 03,y ) = 8 = — A2
wr ~r

x | 2Re(M Y (i, .. JIMP (ps, ...))

2 \¢
—8mager <CA e (’u—ﬁ> cos(me) + bo_ 5 > ]./\/l,(g)(pi,...)P] . (3.23)
T

g2 sin(me) \ sir 21 2¢ (4m)2c
Similarly, the soft limit of eq. (B.6) when r is a gluon and 2, — 0 is

2
S,Cir 2Re(MO,  (pi, pry . NIME, (DD, - . ) = Smagu® — —T7

% [2Re(MO (p;, .. )IMD (py,..))

—8maser <CA e <'u—2i>€cos(7ra) + g—g (4:;2 > ]./\/152)(1)@',...)]2] . (3.24)

g2 sin(me) \ sir 2r

Egs. (B-29) and (B.24) differ by the term z; = 1 — 2, in the numerator of eq. (B.23), which
is subleading if r is soft. Therefore, eq. (B.23) can be used to account for the double

— 11 —



subtraction: it cancels the soft subtraction in the collinear limit by construction,
0 1
Cir(Sr = CirS,)2 Re(MI, IMGL ) =0, (3.25)
and the C;. — C;,.S,. difference is subleading in the soft limit,

Accordingly, in order to remove the double subtraction from eq. (B.29), we have to add
terms like that in eq. (B:23). That amounts to always take the collinear limit of the soft
factorization formula rather than the reverse (like terms in eq. (B.24)). Thus the candidate
for a subtraction term for regularizing the squared matrix element in all singly-unresolved
limits is

A 2Re(MY, MY,y = (3.27)

1
DD 5C+ |8 =D CurSy | | 2Re(M (i pr - ) IMG (b))
r i#r i#r

Note that the cancellation of the collinear terms in the soft limit actually requires the
symmetry factor multiplying the collinear term, but not the collinear-soft one. This form of
the A; operator coincides with that derived in ref. [ for separating the singly-unresolved
kinematical singularities of the squared matrix element at tree-level and is completely

universal.

3.2 Counterterms

The expression given in eq. (B.27) is defined only in the strict soft and/or collinear limits.
In order to define true countertems, we have to extend it over the whole phase space. This
extension requires an exact factorization of the m + 1 parton phase space into an m parton
phase space times the phase space measure of the unresolved parton,

domi1({p}) = dom({p}) [dp], (3.28)

where we introduced the compact notations {p} = {p1,...,pm+1} and {p} = {P1,...,Dm}
Then the subtraction term that regularizes the kinematical singularities of the real-virtual
cross section can symbolically be written as

RV,A,

do’m-lll - d(bm [dpl] Al 2 Re( m+1HMm+1> (329)

where we decompose the subtraction term as follows,

A2 RMI M) = 5[50 + (SO0 00h - €S0 )|

r i i#r
3 {Zlcfi*”({p + (S0 - Eeastown) .
bty T

(3.30)
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All terms above are functions of the original m + 1 momenta that enter the one-loop
squared matrix element. The last terms in each line on the right hand side do not refer
to the collinear limit of anything, but denote functions of the original momenta for which
the notation inherits the operator structure of taking the various limits, but otherwise has
nothing to do with taking limits.

We now turn to the definition of each term in eq. (B.30). Each term will have the
structure that a singular function (Altarelli-Parisi kernel or eikonal factor) is sandwiched
between amplitudes. Both the singular functions and the squared matrix elements have
their own loop expansions. The double superscipt on the subtraction terms refers to the
number of loops in these loop expansions, the first one in the loop expansion of the singular
factor while the second one in the expansion of the squared matrix element.

3.2.1 Collinear counterterms

The collinear counterterms are

1 ~ (ir A ~\ (er
Cir™” ({ph)=Smasu™ —2Re(MDUBHNPL) (i 2ni b ) MG (B 7)) - (3:31)

1 ~ (ir A ~ (ar
Cir " ({p})=(8massi®)* Tz er cos(me) (M) (B} ) PLY (i 2ns ks €)M ({5Y)).

ir

(3.32)

The momentum fractions z;, and z,; are
Ziy = Yo and Zri = e ) (3.33)

Y(irQ Y@
while the transverse momentum £ ; , is
oo 1 W = _ Yir . Yir
kJ_ ir Ci,rpr - Cr,ipi + Czrp@'r ) Ci,r - zi,r ) Cr,i - Zr,z - - (334)
Y CirY(ir)Q YirY(ir)Q

We used the abbreviations y; = s;:/Q% = 2p; - pr/Q?, YirnQ = YiQ T yrq With yiq =
2p; - Q/Q?, YrQ = 2pr - Q/Q? and Q* is the total four-momentum of the incoming electron
and positron, while p!, and a;, are defined below in egs. (B.36) and (B.37) respectively. This
choice for the transverse momentum is exactly perpendicular to the parent momentum p,

and ensures that in the collinear limit p!'||p)’, the square of kim behaves as
kizr = =SirZriZir, (3.35)

as required (independently of ;). In our computation the longitudinal component, propor-
tional to (;-, does not contribute due to gauge invariance of the matrix elements, therefore,
we may choose (j = 0. The m momenta {$}) = {p1,...,Pirs. ., Pmi1} entering the
matrix elements on the right hand side of egs. (B.3]) and (B.39) are

1 1

=g Wi+ P — 0@, Pi=g— ok n#ir, (3.36)
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where
1
Qi = — |:y(z7")Q ( rQ 4y”« } . (337)
This momentum mapping leads to an exact factorization of the phase space in the

form of eq. (B.2§). The explicit expression for [dp;] reads

r ~ r ~ d r
[ApS") (b1 Bir; @) = T (b1, ir; Q) ﬁ@ (p2), (3.38)

where the Jacobian is
(1 _ air)(m_l)(d_Q)_l @(1 _ air)

T (b, Bir; Q) = Y5 ' .
L;m \Pr; Dir irQ 2(1 — yg\;Q)Oé@'r + Y. + y/i\fQ —YrQ
In this equation «;, has to be expressed as a function of the variable p;;,
\/(yr;: tYio 9’ +4y,5 (1 —vyig) = 4,5 +¥5g — ¥r)
L ) (3.40)

2(1 - ;;Q)

It is straightforward to compute the € expansion of the collinear counterterms that we
shall use later. We decompose the expansion into singular terms, finite contributions and
terms that vanish as € — 0,

OV ({p}) = Poles OV ({p}) + Fin Y ({p}) + O(e) . (3.41)

The pole parts can be written in the following unified form:
Poles CZ.(E’l)({p}) = —87‘('065/1,26—'
(MO T{FY52) PO (24, 200 s ) IMO ({51, (3.42)

where?

2\ €
~ (ir Qg 1% 1 1 1
1({p}' >;e)=§55 <@> > T3 +%’g+ZTiTkglny;l; (3.43)

ki
with the usual flavour constants

_3 _ B
2CF, Y=g (3.44)

The poles of the Cz(i ’0)({p}) counterterm can be written as

1 1 1 1
PolesC ({p}) —8mag i S——S6 (T?+T%-T2) <€—2 - lny¢r> + - (%’%—%—%r>

1
T (T )|

<MD UBY NP (20, 200 KL i €)M ({5H)) (3.45)

where T, = T; +T,. After the cancellation of the poles is demonstrated (see section [£.9),
in a computer code one uses the finite parts of the counterterms. We collect all such finite
contributions of the counterterms in appendix [.

“Note that I(m,e) = I(¢) + O(e°) independently of m.
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3.2.2 Soft-type counterterms

We call the soft and soft-collinear counterterms soft-type terms because they all use the
momentum mapping appropriate to the soft countertem. We define

D({p}) ——SMSM%ZZ ~Si(r)2Re(MY ({BY )T T MDD {5})), (3.46)

i k#i
1 2
Cin, SOV ({p}) = Smauu® — L T2 2Re(M() ({5} )M ({5} 7)), (3.47)

O({p}) = Brawp™ CI‘ZZ SSik(r

1 k#i
1 7w (1 ‘ Bo p_>S: (0) 51072
X [ <CA6—2m <§Szk(7”)> COS(WE) + % (4 ) F> ’Mm;(@k)({p} )‘
—2— Z( Ska(r ) ’M,(fb?(i,k,z)({ﬁ}(r))\Qla (3.48)
€k
C. 810 { } (8 25)2 iQZiTQ (3 49)
irg©ry ( p ) T cr Sir 2o i .

1 me (1zi) Bo p*Se (0) (15112
X[(%z sin(me) ( ) cos(me) + 5 (4@2@)]% ().

The momentum fractions and eikonal functions were defined in egs. (B:33) and (B.21),
while the m momenta {$}") = {p1,...,Pms1} (pr is absent) entering the matrix elements
on the right hand sides of eqs. (B.46)—(B.49) are defined as

= A[Q(Q —pr) /N Pn/A) s mFET, (3-50)
where
A =+1-vq, (3.51)
and

— 2K + KWK+ K), 2K'K,
N, R = g - 2B ENE S Ky . (3.52)
(K + K)? K?

The matrix AL[K, K] generates a (proper) Lorentz transformation, provided K2 = K2 # 0.
This momenum mapping leads to exact phase-space factorization in the form of eq. (B.2§),
where

bl Q) = T 01 Q) b0 02), (353)

with Jacobian

T (0r3Q) = A DD =29 () ). (3.54)
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Finally, we record the pole parts of the soft-type counterterms:

Poles S(O V({p}) = 8maeu® ZZ =Sk (r
i k;ﬁl

X<M$2)({Z5}(r))|{1({ﬁ}(r);6),TiTk}|M$2)({ﬁ}(r))>a (3.55)

Poles C;, S O ((p}) = —8rasu? 52 i” T?
XME{BY ) T{BY ;5 0) M (BY)) (3.56)

Poles S0 ({p}) = Sraw® 37 37 Su(r)IMY ) (5}

i ki
e [or (3 — )t o)
Poles Cyr, SO ({p}) =—8msu%%%T%|M£2><{ﬁ}<">>|2
s:fon(mringis v inf) + 2] oo

The finite parts are given in appendix [A.

4. Counterterms for the integrated approximate cross section

4.1 Factorization in the collinear and soft limits

A
We wish to construct the approximate cross section < fl daiﬁ’QA 1) ' by the same proce-

dure we used to construct dai‘i?l, therefore, we start by studying the infrared limits of

<M(O L (m, 5)]./\/17” +1> when the momenta of a pair of partons becomes collinear or when

a gluon becomes soft.

4.1.1 Collinear limit
In the limit when the momenta of partons ¢ and r become collinear (as defined precisely
in egs. (B.1]) and (B.3)) we find®
0 0
Cir My (pispry - ) L, &) LM, (pis i) = Smaagy™
1 .
x— (MO @i, ) T, e) P IME (i)

wr

FRir (Yirs 26Y(ir) Qs 2rY(ir Qs M €)M (D, .. )| P s MO (i, -)>> ,(4.1)

where the function R;, represents those terms that appear in addition to the usual collinear
factorization formula of the squared matrix element, due to the presence of the insertion

®Note that the argument of the insertion operator on the right hand side of eq. (@) is the same as the
number of coloured external legs in the matrix element.
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operator,

Q ,u2 ‘
Rir (Yirs ZiY(ir)Qr ArY(ir)Qs m,e) = ﬁ Se (@)

x | C; (zly(”,)Q,m a)T + Cr(zry(iryg; mse) Ty — Cimy (y (”,)Q;m,a) T?T

H(T5 = T7 = T2) Sir(Yir 2iY(ir)Q» Zr¥(ir)Qi M E) | - (4.2)

The m parton matrix elements on the right hand side are obtained from the m + 1 parton
matrix elements by removing partons ¢ and r and replacing them with a single parton
denoted by ir in the usual way.

Note that the existence of a universal collinear factorization formula as given in eq. ([..)

is not guaranteed by the factorization properties of QCD matrix elements, but depends
RR,A
m+2 !
functional dependence of the insertion operator on the momenta. In being able to de-

also on the particular definition of the subtraction term do , which determines the

rive eq. (1)) it is crucially important that the part of I(m,e) that contains true colour-
correlations, that is S;;(vir, viQ, yiQ: M, €), depends on its arguments only through the com-
bination

YL (4.3)
YiQYiQ

This expression is independent of the momentum fractions in the collinear limit p;||p;.
Consequently, the functions S;; and S,; have the same limit as p; and p,. become collinear,

CirSi = CiSyy . (4.4)

This is important because coherent soft-gluon emission from unresolved partons implies

that only the sum of |/\/l(0_|_1 " l)|2+|Mm+1 |2 (or |/\/lm+1 () |2—|—|/\/lm+1 " r)| ) factorizes
as
1
<‘M(0+1 (4, l)’2 + ’Mm-i-l )‘ ) = 87{0‘5,“'26 . <M£9L)’TZT‘T P( ‘Mgg)> : (4.5)

Then, if and only if eq. ([4) is fulfilled, we can combine the collinear limits as

1
Cir < zl|Mm+1 (i [)|2 + Srl|M7(732|_1;(7»7l)|2) = SWQSMZE S(ir)l 8_ <M£72) |TZTT (} |M£2)> :

r
(4.6)
The insertion operators used in other general NLO schemes do not possess this property.

4.1.2 Soft limit
(0)

In computing the limit of (M,(;]LZFHI(m, €)|M,, 1) as the momentum of parton r becomes
soft, we need the soft factorization formula for the colour-correlated tree amplitudes as can

,17,



be found in ref. [§]. One finds
0 1
S (M, pre ) Tm,2) ML (pr.)) = 8o 33 8u(r)
i ki

<<M<°< Y5 T m, ), T MO ()
+ Rt Wik Yir Y Ui Uk@: e @i 1, €)Ml (- .>|2> (4.7)

if r is a gluon and S, (M erl\I(m 5)]Mm+1> = 0 if r is a quark or antiquark. The m
parton matrix elements on the right hand side are obtained from the original m + 1 parton
matrix elements by simply removing parton . In eq. (.4) the function

2\ €
a 7
Rikr (Yik, Yirs Ykrs YiQ» Y6Qs YrQ; m, €) = Ca 2—; Se <@) <Cg(yrQ§ m,€)
+Sik (Yik YiQ» YkQ: M €) — Sir (Yirs YiQ, YrQ; M €) — Sek(Yrks Yr@s YkQ; M, 6)) (4.8)

represents those terms that appear in addition to the usual soft factorization formula of
the squared matrix element due to the presence of the insertion opeartor.
4.1.3 Matching the collinear and soft limits

The collinear limit of the soft factorization formula eq. ([.7) reads

2
<Mm+1(p27pra-- )‘I(m 5) ’M (pz7p7"7---)> :87"045# 5 2 T2
ir Zr

(M iy T ) MDD i) + MO i PCirRarr ), (49)

with
2\ €
ag i
CirRikr (Yiks Yir» Ykr» YiQs YkQ» YrQis M, €) = CA% Se (@)
X <Cg(zry(ir)Q; m, 5) — Sir (yira ZiY(ir)Qr ArY(ir)Qs M 6)) : (410)

The soft limit of the collinear factorization formula eq. (1) is

21
SrCir<M1(SLZrl(piapra ) I (m,e) |Mm+1(p@,pr, L)) = 8WQSM2€;Z_ T22

X (M @iy I L, 2) M (01, )+ IMED (i PSRy ) - (411)

with
« w2\ °
SiRir (Yirs 2iY(iryQ» 2rY(ir)Q; M, €) = CAQ—; Se <@)
X (Cg(zry(ir)Q§ m, &) — Sir(Yir> Y(ir)Q» 2rY(ir)Q; M 5)) : (4.12)
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Thus the same arguments as below eq. (B.24) apply here as well, therefore,

Cir(Sr — Cir S ) (MO 1 T(m, o) MO ) =0, (4.13)
S1(Cir — CirS) (MU, [T(m, )| M), 1) = 0 (4.14)

and our candidate counterterm has the same structure as in eq. (§.27),

A MO T (m,e)| MY, ) =

=30 (X 30+ 8- T s || (Mo P 1m0)) - (015)
r i#r i#£r

As before the cancellation of the collinear terms in the soft limit requires the symmetry
factor multiplying the collinear term, but not the collinear-soft one.

4.2 Counterterms

In order to define the counterterms, we extend eq. (f.I§) over the whole phase space
as done in section B.J. We introduce the phase space factorization as in eq. (B.2§) and
write the subtraction term that regularizes the kinematical singularities of the integrated
approximate cross section in the symbolic form

Aq
([ aoe )™ = i s (M0 P o 20m. ) (416)
where

A (IME% P © Im.2)) =

=3 |30 5 N (o)) + | S0 () — 30 €, 800D ()

r i#r i#r
+Z Z CR>< 00 ) + SR>< (0,0) {p} ZCWS;%X(O ,0) {p}) .(4.17)
r i#r 1#r

We now define all terms on the right hand side of this equation precisely. The structure of
eq. (17) is the same as that of eq. (B.3(]). Thus defining true subtraction terms starting
from the limiting formulae of the previous subsection follows the steps of section B.2
4.2.1 Collinear counterterms

The collinear subtraction terms read

COOD (1) — 8rag? 81 (4.18)

<MY IHBY 3 m,0) PE) (zirs 2mis ki ) LMD ((5Y07))

and

R 1
Ci O ({p}) = 8mast® = Rir (Uir, 7157 o 21t/ i ) (4.19)

r

< AMODUBYNPE) (23, 206, kL i ) MD ({5HE))
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Computing the pole parts of eqs. ([.1§) and ({.19), we can easily see that

Poles |0 ({p}) + € (fph)| = 0 (4.20)

and

Poles [cRx(OO ({p}) + 0 ({p})] ~0. (4.21)
Therefore, the sum of eqs. (B.31) and ([.1]) as well as that of eqs. (B-39) and ({.19) is finite

in d = 4 dimensions.

4.2.2 Soft-type counterterms
The soft-type counterterms are defined as
1
(00®I ({p}) _877()58#262218%(7")
i ki
X (MPEBYNHIEPY 3 m, ), T} M {(5Y7)), (4.22)

1 22’1'7»
Cir, Si 0D ({p}) = Smag® — ===

irgCry

T2 (MO (BB, ) MO (510, (4.23)

SEXOD(p}) = —Smait® 30 S S Su(r) M) (5}

1 k#i
X Rk (Yiker Yirs Yhors YiQs YkQ» YrQi M €) (4.24)
Rx(0,0) 1 2er 2 9 Qg ,u,2 €
Cirgsrg ({p}) = 871—0‘8;“’ o o —T; |M ({p} )| CA% Se @
r TZ

X (Cg(zr,iy(ir)Q; m, 6) —Sir (yira Zi,rY(ir Qo AriY(ir)Qs s 6)) : (425)

We can simplify the arguments in the second line of eq. ([£25) using eq. (B.33),
Cg(zr,iy(ir)Q;ma 5) —Sir (yira ZirY(ir)Qy 2ril (ir) Q51 6) = Cg (yrQ;ma 5) —Sir (yira YiQ, YrQim, 5)-
(4.26)

Similarly to the collinear cases, the pole parts cancel term by term between eqgs. (B.46)—

(B-49) and eqgs. ({L.22)(|L.29),

Poles SOV ({p}) + SOV ({p})] = 0. (4.27)
Poles [cirsﬁ°’°®”<{p}>+c SOV (ph)] =0, (4.28)
Poles | SEO0({p}) + SO ({p})] = 0, (4.29)
Poles |C,, SO0 ({p}) + €,y ﬁl’f”({p}): = 0. (4.30)

Consequently, the sum of eqs. (8.44) and ({.22), that of eqs. (B.47) and ([.23), that of
egs. (B.49) and ([£.24) and that of eqs. (B.49) and ({.2§) are finite in d = 4 dimensions.
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Figure 1: Graphical representation of the squared matrix element and the subtraction terms.

We help the reader in grasping the various cancellations by visualizing the subtraction
terms in figure f]. The first picture corresponds to the squared matrix element of the m + 1
final-state partons. The fully shaded circle represents the Born amplitude, while the circle
with a whole is the one-loop amplitude. The following terms in the first squared brackets
correspond to the terms that build A; 2Re(./\/l£21r1HM£izr1>, defined in eq. (B.3(); the
first one represents (0,1)-type terms like Ci(g’l)({p}) and the second is for (1,0)-type terms
such as Cz(j ’0)({p}). The first picture in the second line is the result of the integration
in eq. (B21). Finally, the terms in the second squared brackets represent terms that
contribute to A, <]./\/l521r1\2 ® I (m,g)), defined in eq. ([.17); the first representing terms

of the (0,0® I)-type, such as CZ(B’O@I)({p}), while the second one stands for R x (0,0)-type
terms like (@0

ir
kernels, with azimuthal correlations included, or eikonal factors, with colour-correlations

({p}). The factorized one-parton factors correspond to Altarelli-Parisi

included, either at tree-level (fully shaded circles), or at one-loop (circles with holes), or
R-functions (boxes).

The cancellations of the € poles occurs vertically, term by term as shown previously.
The regularization of the kinematical singularities takes place horizontally, between the
first term and the terms in the following brackets, separately in each line. Kinematical
singularities, introduced by the subtractions terms, are screened by the jet function, J,,,
just as in NLO computations.

We conclude that the (m + 1)-parton contribution in eq. ([.4) is free of ¢ poles as

well as unscreened kinematical singularities. We can set ¢ = 0 and compute the integral

NNLO
of do,,1

in the e-expansion of the subtraction terms as ¢ — 0. The finite parts of the integrated
approximate cross section of eq. (B-21) can be found in ref. [[T],% while those of eq. (B-30)
together with the finite parts of the counterterms in eq. (.I7) are presented in appendix [A].

by standard Monte Carlo methods. Such an integration uses the finite parts

5. Numerical results

In this paper we have defined explicitly all subtraction terms that are needed to make dag\il
integrable in d = 4 dimensions for processes without coloured partons in the initial state.

5Notice the shift of m by one unit in this paper (m — m + 1) as compared to the value in ref. [ﬂ]
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ot cg)

-(1.23 £0.01) - 10® | -(4.33 +0.05) - 103
-(2.55 £0.01) - 10? | -(3.25 +0.02) - 103
-(4.79 £0.03) - 10! | -(1.80 +0.01) - 103

w N =3

Table 1: The moments C’SX and C’éné)l

We have proven the cancellation of the € poles explicitly. In order to demonstrate that
the subtraction terms indeed regularize the cross section for the real-virtual correction,
we consider the contribution to the theoretical predictions for the three-jet event-shape
distributions thrust (7') and C-parameter in electron-positron annihilation, when the jet
function is a functional

Jn(p1s- -, pn; O) = 0(0 — O3(p1,- -, pn)) (5.1)

with Os3(p1,...,pn) being the value of either 7 =1 —T or C for a given event (p1,...,pn)-
Starting from randomly chosen phase space points and approaching the singly-unresolved
(soft and/or collinear) regions of the phase space in successive steps, we have checked
numerically that the sum of the subtraction terms has the same limits (up to integrable
square-root singularities) as the squared matrix element itself.

The perturbative expansion of the n'" moment of a three-jet observable at a fixed scale
u =@ and NNLO accuracy can be parametrised as

(o) = /doonaioj—gw) _ (%) A(g>+<¥>23g>+<%>30@ (5.2)

where according to eq. ([L.2), the NNLO correction is a sum of three contributions,
C) = i)+ 4 5

Carrying out the phase space integrations in eq. ([.4), we computed the four-parton con-
tribution C(OT?ZL as defined in this article. The predictions for the first three moments of 7
and the C-parameter, obtained using about four million Monte Carlo events, are presented
in table fl. In performing the numerical integrations, we do not encounter more severe
numerical problems than known from computing the real-emission contribution in NLO
computations and the computation of differential distributions does not pose any problem.
The required CPU time is however much longer because of the much more cumbersome
expressions that enter the various loop matrix elements.

6. Conclusions

In a companion paper [[[(] we generalized the dipole subtraction scheme to computing
NNLO corrections to QCD jet cross sections to processes without coloured partons in the
initial state. The scheme is completely general in the sense that any number of massless
coloured final-state partons (massive vector bosons are assumed to decay into massless
fermions) are allowed provided the necessary squared matrix elements are known.
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Three types of corrections contribute to the NNLO corrections: the doubly-real, the
real-virtual and the doubly-virtual ones. In ref. [I(] we defined the subtraction terms for
the doubly-real emissions; those to the real-virtual correction can be found in the present
paper. By rendering these two contributions finite in d = 4 dimensions, the KLN theorem
ensures that for infrared safe observables adding the subtractions above to the doubly-
virtual correction that becomes also finite in d = 4 dimensions.

The subtraction terms for the real-virtual corrections presented here are local in d =
4—2¢ dimensions, include complete colour and azimuthal correlations. The expressions were
derived by extending the singly-unresolved limits of the one-loop squared matrix elements
over the whole phase space and also extending the singly-unresolved limits of the integrated
approximate cross section, used for regularizing the kinematical singularities of the cross
section for doubly-real emmissions over the singly-unresolved regions of the phase space.

In order to demonstrate that the subtracted cross section is indeed integrable, we
have computed the corresponding contributions to the first three moments of two three-jet
event-shape observables, the thrust and the C-parameter. In performing the numerical
integrations, we do not encounter more severe numerical problems than known from NLO
computations. The required CPU time is however much longer because of the much more
cumbersome expressions that enter the various loop matrix elements.
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A. Finite parts of the subtraction terms

In this appendix we present the finite parts, as defined in the decomposition (B.41]), of
eqgs. (B.30) and (JL.17), term by term. We start with the collinear counterterms. The finite
part of the sum of egs. (B.31)) and (f.19) is

Fn i () + € ()| = 10 -

Sir

x | 2Re(MQ) ({5}0)) P}?}T (Ziss 2riy Kot ir) Fin | MO ({}E))

+y <Z Fin [Sik(yg;;, Yigr Yigi ™) + CS(m)}
i\ ki

< (MO UBYN T PY) (21, 2y ki) MO ((5Y))
+Fin [Ci(y;Q; m) + CS(m)}

x THMOD (YN PO (22, 2o ki) IMEQ <{ﬁ}<">>>> , (A1)
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where the finite part of the one-loop amplitude is defined by the following equation:

M ({p}) = ~5 TP} )M () + o= Fin M ({p))) (A.2)

with I({p};¢) given in eq. (B-43). The finite parts of the functions S;, + CS and C; + CS
can be found in the appendix of ref. [[[]]. Next we turn to the finite parts of eqgs. (B.33)
and ([£19), which are given separately for the various flavour combinations. For f; = f, = g¢:

Fnlei (o)) + €500 (o)) = Cutad L

r
1
. Kﬁm [5 <ng(zi””y?r'c25 m) + Cog(2riy7 i 1) = Cgg (55 m))
+ng <Cq(i(zi,ryg;Q; m) + qu(zr,iy;;Q; m) — qu(y;;Q; m))
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For fi=q, fr =@
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For fi=gq, fr =g
1
Fin|Cl(py) + OO ({p})| = 42—
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The case of f; = g, fr = q is obtained from the latter with the i < r substitution.
The finite parts of the soft subtractions are as follows:

Fn[SPD((p}) + 5L (p))] = ~402 0 2 Sulr)
i ki
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Finally, we present the finite parts of the collinear-soft subtractions:

Fin [C, SOV ({p}) +C, SO0 ({p})] = 402 20 72
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For the sake of completeness, we recall the finite part of the first two terms in eq. ([.4)
from ref. [L1] adapted to the present case:
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